Abstract. In modern optical element manufacturing, center artifacts are a common problem. A center artifact is a shape error that is rotationally symmetrical, steep, and localized at the center. These properties cause characteristic image defects different from those caused by ordinary irregularities. However, tolerancing center artifacts has not been fully discussed or properly carried out. We propose a simple mathematical model for center artifacts using normal distribution function as a figure model and showing that this function can be represented by a polynomial including odd-order terms. Our method enables appropriate optical simulation and tolerancing for center artifacts using general optical design software.
Practical method for evaluating optical image defects caused by center artifacts 1 Introduction Optical elements such as lenses, mirrors, and prisms are traditionally fabricated by grinding, smoothing, and polishing. 1 Recently, point processing methods, such as precision turning and magnetorheological finishing have become widely used. [1] [2] [3] [4] [5] [6] The former is mainly applied to generate aspherical profiles on soft materials, such as plastics 4 and infrared materials. [4] [5] [6] The latter is widely applied to precision finishing or when introducing small asphericity to optical surfaces.
One of the common problems with these point finishing methods is center artifacts 7 (this is also called "center error" 8, 9 ). Center artifacts are rotationally invariant figure errors and localized at the center of optical surfaces. The typical interferometric image is shown in Fig. 14 Center artifacts can affect imaging performance of optical systems. As will be described in Sec. 3, the steep figure error of center artifacts in the front group in wide angle lenses seriously affects image performance at the center image field and causes characteristic diffraction rings because the ray fan of the image is narrow in the front group. Even though center artifacts are small in spread size, they can cause serious defects in image quality in this case. Therefore, tolerancing on center artifacts is one of the important issues in optical design and fabrication. Since the influences of center artifacts have not been fully analyzed, we should properly model their figures for appropriately evaluating tolerance.
In the field of optical design and production, the figure error of optical surfaces from the designed form is generally expressed by the set of Zernike polynomials. 11 This set of polynomials was first introduced by Zernike 12 and there are many ways to arrange them. 11, 13, 14 Among these, the set of Fringe Zernike polynomials which contains 37 specific terms of circle polynomials 15, 16 is commonly utilized. One of the practical examples is expressed in Ref. 17 by the use of Grid Sag and Fringe Zernike Surfaces in Zemax. The components of figure error that cannot be expressed by the Fringe Zernike polynomials are classified as midspatial frequency errors, which are considered as somewhat random. 18, 19 However, center artifacts are never expressed by Fringe Zernike expansion and can hardly be evaluated by midspatial frequency error because their peak-to-valley (PV) is large relative to that of midspatial frequency.
To date, the image defects that are caused by center artifacts have not been sufficiently discussed and evaluated. We have investigated this issue and provided a new method for expressing the shape of center artifacts in this paper.
First, we investigated a new mathematical expression of center artifacts. We infer that the normal distribution function provides a close approximation of center artifacts because the normal distribution function is bell shaped. Also since the normal distribution function is characterized by its width and height, the tolerance of the drawing is simple and can be easily understood for manufacturing. Before approximating by the normal distribution function, we employ Zernike fitting to remove figure errors of lower frequencies. Since the normal distribution function is not available in most optical software, it is necessary to rewrite it as a polynomial. However, doing this by using an evenorder aspherical surface is not suitable for two reasons: one is that the Taylor expansion of the normal distribution function does not provide a suitable approximation function with any practical finite number of terms. The other is that Fringe Zernike expansion of the normal distribution function provides insufficient approximation for steep normal distribution.
Next, we constructed a method for describing steep normal distribution by utilizing odd-order surfaces. In our investigations of the characteristics of odd-order surfaces, 20, 21 we have analogically predicted that steep normal distribution can be sufficiently represented by a small finite number of power terms including odd-order terms which can be used in many kinds of optical design software. Actually, we confirmed the fulfillment of this prediction numerically. Therefore, we could properly express the center artifacts by a small finite number of power terms including odd-order terms. Thus using commercial optical software, we could numerically calculate the changes in point-spread-function (PSF) and modulation transfer function (MTF) caused by center artifacts. Hence, our evaluation method for center artifacts is effective in optical design and development. The surface deviation is measured using UA-3P, a three dimensional measurement system along two perpendicular directions on the lens surface. Since these two profiles do not differ largely from each other, the surface profile can be approximated as rotationally invariant. Figure 1 shows one direction, in which the horizontal axis is the normalized radial coordinate and the vertical axis is the deviation in millimeters. The marginal coordinate corresponds to 26-mm diameter in exact scale. The blue line describes surface profile in one direction and the red line its approximation represented by the rotationally invariant Fringe Zernike polynomials (Z 1 ; Z 4 ; Z 9 ; Z 16 ; Z 25 ; Z 36 , and Z 37 ). Figure 2 represents the difference between the two lines. Although Zernike fitting can provide an approximation for lower frequency errors, it is completely insufficient to express the center artifact. Therefore, we needed to construct a new mathematical method to express center artifacts.
Approximation of Center Artifacts by Normal Distribution Function
As seen in Sec. 2.1, so as to express the shape of center artifacts mathematically, we should introduce another mathematical representation other than Zernike polynomials. Since center artifacts are sharply convex shaped localized at the center, they can be represented by the normal distribution function. Equation (1) can provide a simple mathematical model for representing a center artifact.
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In this mathematical model, the maximum is A, the minimum is 0, and full width at half maximum (FWHM) of fðrÞ is 2.53σ. We do not need the DC component in Eq. (1), because it is automatically considered by Zernike polynomials fitting. When σ becomes smaller, the profile of the center profile becomes steeper. In the case of Fig. 2 , we decided A ¼ 0.0036, σ ¼ 0.0546 by least square method. Figure 3 compares the Zernike fitting error and the mathematical model described in Eq. (1) . Figure 4 shows the residual of figure error. This figure represents that the use of normal distribution approximates the center artifact profile with submicron accuracy, which is satisfactory for precision turned plastic lenses. Therefore, we concluded that it is suitable to express the shape of the center artifact by the use of the normal distribution function. Also since the normal distribution function is characterized by its width and height, the tolerance of the drawing is simple and can be easily understood for manufacturing. (8) Tanabe, Shibuya, and Maehara: Practical method for evaluating optical image defects caused by center artifacts
Impossibility of Expressing the Normal Distribution Function by Even-Order Aspherical Surfaces
Section 2.2 represents the possibility of expressing center artifacts using the normal distribution function. However, since the normal distribution function is generally not prepared in ordinary optical design software, we should rewrite Eq. (1) as the general form for aspherical surfaces. In Secs. 2.3.1 and 2.3.2, we will discuss the expression of normal distribution by the use of even-order surfaces, the most popular surface type in optical design. Subsection 2.3.1 employs Taylor expansion of normal distribution and Sec. 2.3.2 employs Zernike expansion. We will show that these two methods do not provide sufficient approximation for the normal distribution.
Approximation by Taylor expansion
First, we considered Taylor expansion, which is the most direct method to obtain polynomials. Equation (2) represents the result of expanding expð−r 2 ∕σ 2 Þ to the power series of r.
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However, the power series of Eq. (2) does not provide suitable approximation using any finite number of terms. Figure 5 compares the power series up to 30th (the upper limit of ordinary even-order aspherical surface in code-V ™ )
with the original normal distribution function expð− Figure 5 represents that the power series is an accurate approximation for r < 0.5, however, it diverges over the outer area, providing that this power series is not valid for expressing center artifact shape.
Approximation by Zernike expansion
Next, we considered Zernike expansion for the normal distribution function. The example of a center artifact described in Sec. 2.1 cannot be approximated by Fringe Zernike polynomials. However since Zernike polynomials are complete, the normal distribution function can be expressed using a sum of Zernike polynomials.
Equation (3) describes rotationally invariant Zernike polynomials 20 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 3 ; 3 2 6 ; 5 7 9 Q n ðtÞ ¼ ð−1Þ n n! d n dt n t n ð1 − tÞ n ;
where t is the square of the radial coordinate r. 
where c n 's are Fringe Zernike coefficients which are calculated by E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 5 ; 3 2 6 ; 4 2 1 c n ¼ ð2n þ 1Þ
Note that Fringe Zernike polynomials satisfy orthogonality, but the ordinary normalization is not satisfied.
To estimate the accuracy of Fringe Zernike expansion of center artifacts, we calculated Fringe Zernike coefficients c n for the normal distribution function expð−r 2 ∕σ 2 Þ. Equations (4) and (5) lead to Eq. (6) and Table 2 represents the numerical result E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 6 ; 6 3 ; 5 3 7 c n ¼ ð−1Þ n ð2n þ 1Þ n! Table 3 lists the coefficients explicitly. Figure 6 explains that the Fringe expansion of the normal distribution function for small σ is insufficient to approximate the original functions even if all terms up to the 37th (upper limit of Fringe Zernike polynomials) are used. Thus, the set of Fringe Zernike polynomials is inappropriate to express the shape of the normal distribution function.
The discussion in Secs. 2.2, 2.3.1, and 2.3.2 leads to the conclusion that the shape of a steep center artifact can be expressed by neither finite number even-order terms nor by Fringe Zernike expansion.
Expressing the Normal Distribution Function by Power Terms Including Odd-Order
Since we proved that the normal distribution function is not represented by even-order aspherical surfaces in Sec. 2.3, we introduced odd-order aspherical surface in order to express center artifact. According to our investigations of the characteristics of odd-order surfaces, we have analogically predicted that center artifact shape can be sufficiently represented by a small finite number of power terms including odd-order terms which can be used in most optical design software.
Equation (7) represents a polynomial of order N including odd-order E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 7 ; 3 2 6 ; 3 5 5
When the curve z ¼ gðrÞ passes through N þ 1 points ðr k ; z k Þk ¼ 0; 1; · · · ; N, the coefficients a k are the solution of the following linear equation: E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 8 ; 3 2 6 ; 2 8 9 We considered the function expð−r 2 ∕σ 2 Þ and choose N þ 1 points as ðr k ; z k Þ ¼ f k N ; exp½−ð k N Þ 2 ∕σ 2 g at even intervals in the region r ∈ ½0;1. By resolving the linear equation Eq. (8), the coefficients a k 's were obtained. Figure 7 shows the maximum approximation error curves of Eq. (7) with respect to σ. Figure 7 explains that the approximation error is nearly saturated when the degree N exceeds 6. In practice, Fig. 8 shows that the normal distribution function can be fully approximated by polynomials of order N ¼ 6 for σ ¼ 0.2; 0.1, and 0.05.
The discussion of this section gives an explicit method for approximating center artifacts by polynomials including odd-order.
Optical Simulation with Our Proposed
Mathematical Model
Optical Design
Using the new mathematical model we proposed in Sec. 2, we discuss how image quality is affected by center artifacts. For this purpose, we considered a projection lens which is a modified design from Ex. 2 of Ref. 22 . The specification is listed in Table 4 . Table 5 represents the lens data and Fig. 9 shows the optical configuration of this design. This design consists of eight lenses in which both sides of the second lens are aspherical. Equation (9) is the aspherical description of this design.
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where c is the curvature, k is the conic constant, r is the (unnormalized) radial coordinate, and A n are the aspherical coefficients. Aspherical coefficients up to 12th are used in this design. Since the size of a pixel for the display device is 10 μm 2 , the Nyquist frequency is 50 lines per millimeters. Thus, Fig. 10 represents the designed MTF curve of this lens in the region, with a maximum frequency twice its Nyquist frequency. The horizontal axis represents spatial frequency and the vertical axis MTF values. As shown in Fig. 10 , using aspherical lenses, we obtained excellent optical performance. However, since precision turned plastic lenses sometimes have center artifacts at the lens axis, the image quality of the field center degenerates remarkably in this case. Therefore, the tolerance of PV value and width of center artifacts must be properly obtained.
Mathematical Representation of Actual Center Artifacts
Aspherical lenses are directly generated from blanks of poly (methyl methacrylate) (PMMA). Figure 11 represents the photograph of an actual aspherical lens. Figures 12(a) and 12(b) represent the measured deviation of the manufactured plastic lens from the designed value. Figure 12 (a) is the front surface and Fig. 12 (b) the rear surface. Table 6 represents the Zernike approximation obtained by direct calculation of inner products of actual surface figure errors and Zernike polynomials. By removing the component that was expressed by Fringe Zernike polynomials, Fig. 13 represents the approximations of center artifacts using the normal distribution function. The parameters in Eq. (1) for each surface are shown in Table 7 . Parameter A represents the height of the center artifact. The parameter σ shows the width of the center artifact and has no dimension since the radial coordinate is normalized. The solution of linear Eq. (8) for each σ provides its aspherical coefficients.
Layout Fig. 9 Optical configuration of the lens represented in Table 4 . 
In solving Eq. (8), we normalized A ¼ 1 for convenience and Table 7 lists the solutions. Since the coefficients listed in Table 8 are normalized to unify the peak, multiplying actual A (artifact height) to the coefficients provides the actual aspherical coefficients. In addition, when we converted these parameters to match those of an optical simulation program, we had to take care that the polynomial equals the function of the normalized radial coordinate. Figure 14 compares the measured figure errors and the final approximation shapes of center artifacts which contain Fringe Zernike coefficients and odd-order terms.
At the end of this subsection, we discuss the approximation accuracy of the mathematical model for center artifacts. Table 9 shows the PV error of the measured figure and PV residual errors of three approximation methods discussed above.
Because of the narrow width of the center artifact in the front surface, Fringe Zernike fitting does not approximate the figure error. Specifically, the Zernike fitting residual of the first surface remains 4.6 μm in PV value, which cannot be negligible. However, our new model that employs both Fringe Zernike and normal distribution reduces the residual by 75%. The polynomial model provides almost the same residual as the normal distribution model. Consequently, our mathematical model described in this paper can provide a better description of figure errors that contain center artifacts.
Optical Simulation
By adding aspherical coefficients for the actual center artifact to the designed lens data, we could evaluate how center artifacts affect the optical performances such as MTF and PSF.
The aspherical surface is represented by Eq. (10):
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In this formula, the first two terms are the original designed form. The additional term, f P 6 k¼1 c k Q k ðr 2 Þ þ P 6 k¼1 a k r k g, represents the figure error. The former P 6 k¼1 a k r k P 6 k¼1 c k Q k ðr 2 Þ is Fringe Zernike components error and the latter P 6 k¼1 a k r k the polynomial representation of center artifacts. Figure 15 compares the designed MTF, the MTF with Fringe Zernike components error, and the MTF with both Surface profile (mm)
Normalized radius
Surface profile Fig. 12 Measured deviation of the turned lens from the designed shape. Table 6 Zernike expansion coefficients of the front and rear surfaces. Profile deviation (mm)
Fitting error Approximation by normal distribution Fig. 13 Approximation of center artifacts using normal distribution function.
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Zernike components and center artifacts for the axial image point. Furthermore, Fig. 16 compares the designed PSF, the PSF with Zernike components, and the PSF with both Zernike components and center artifacts. These figures represent that the Zernike components are so small that the values of MTF and PSF remain as high as designed value. On the contrary, the center artifacts obviously affect the PSF. Figure 16 (c) shows characteristic diffraction rings around the center, and they affect the imaging quality, such as MTF as shown in Fig. 15(c) . These characteristic diffraction rings and deterioration in MTF are very common in practical lens manufacturing. Hence, the mathematical model of center artifacts can represent the image degeneration of image quality as practical optical systems.
Summary
We have proposed an advanced approach to simulate center artifacts shapes for improving image quality by the use of general polynomial forms including odd-order terms. For generating aspherical profiles, precision turning has become common in processing plastics or infrared materials. However, this method can also produce the characteristic shape error called center artifact or "center error." Center artifacts are rotationally invariant and localized at the center of lens surfaces.
In optical design and manufacturing, surface deviations from designed forms are usually represented by Fringe Zernike polynomials. In addition, components that cannot be represented by Fringe Zernike polynomials are classified as midspatial frequency errors and regarded as random constituents. However, since it is impossible to express center artifacts using Fringe Zernike expansion and they can hardly be evaluated by midspatial frequency errors, the effects of center artifacts have not been properly evaluated, thus tolerancing center artifacts has been next to impossible.
In this paper, we have constructed a practical new method for modeling center artifacts suitable for optical simulation. We have found that center artifacts can be represented by normal distribution function and this function can sufficiently be expressed by polynomials including odd-order terms. Since ordinary polynomial surfaces are applicable for commercial optical design software, our model can be applied to practical optical design. In our simulation, we have shown that our method provides simple and easy evaluations of center artifacts. In addition, since the shape of the normal distribution function is decided by only standard deviation which corresponds to the width of a bell-shaped curve, this representation provides simple charactrization of center artifacts for optical drawing, tolerancing, and fabrication. Through our research, we propose a useful new method for optical design and development. Tanabe, Shibuya, and Maehara: Practical method for evaluating optical image defects caused by center artifacts
